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The main purpose of this paper is to investigate the relationship between
a topological space and its countable subspaces. In particular, we are
concerned with properties that are satisfied by a topological space X
if each countable subspace of X satisfies those properties. We prove the
following theorem which provides a characterization of the statement "if
each countable subspace of X has property Q then X has property Q".
Let Q be a property such that if (X, 1') is a metric space then (X, T)
has property Q and if (Y, U) has property Q then (Y, U) is T a. Then
the following two statements are equivalent for a first countable topo-
logical space (X, T). One, if each countable subspace of (X, T) has proper-
ty Q then the space X has property Q. Two, if (X, T) is Ta then it has
property Q.
For x E X we shall let N(x), V(x), etc. denote open sets containing x.
Similarly, if A is a subset of X we let N(A), V(A), etc. denote open sets
containing the set A.
Theorem 1. If (X, T) is first countable and if each countable sub-
space of (X, T) is regular then (X, T) is regular.
Proof: Let (X, T) be a first countable topological space such that
each countable subspace of (X, T) is regular. Suppose (X, T) is not regular.
Then there exists a closed subset F of X and a EX -F such that for all
W(a) and V(F), W(a) (1 V(F) i 0. Thus if we let {N(a)i;i= 1,2,3, ...} be
a nested neighborhood base about a such that N(ah (1 P = 0, then there
exists Xl E F such that for all W(xt) , W(xt} n N(ah #0. Similarly, for
each positive integer n there exists X n E F such that for all W(xn),
W(x,d (1 N(a)n # 0. Because (X, 1') is first countable there exists for each
positive integer n a sequence, On - {yd, contained in N(a)n which converges
to xn. Put 0 = {a} U {xnln = 1,2,3, ... } U (U~_l On). Now (0, To) is a count-
able subspace of X with B=F n c={xnln=l, 2, 3, ... } closed in (0, To).
It follows that there do not exists disjoint open sets V(a) and W(B) in
To containing a and B respectively. This is a contradiction, so (X, T)
is regular.
CoroUary I. Let Q be a property satisfying the conditions that each
metric (pseudometric) space has property Q and if a space has property
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Q then it is 1'3 (regular). Then the following are equivalent for a first
countable topological space (X, 1').
(1) If each countable subspace of X has property Q then the space X
has property Q.
(2) If (X, 1') is 1'3 (regular) then it has property Q.
Proof: Suppose (1) holds. If (X, 1') is 1'3 then each countable sub-
space of (X, 1') is metrizable. Therefore, each countable subspace has
property Q, so (X, 1') has property Q.
Conversely, suppose (2) holds. If each countable subspace of X has
property Q then each countable subspace is 1'3. By Theorem 1 the space
X is 1'3. Therefore (X, 1') has property Q.
The proof is similar if we assume that Q is a property satisfying the
conditions that each pseudometric space has property Q and if a space
has property Q then it is regular.
Theorem 2. Let (X, 1') be a first eountable topological space. Then
(X, T) is T t , i=O, 1,2,3 if and only if each countable subspace is T t ,
i = 0, 1, 2, 3 respectively.
Proof: The proof for T t , i = 0, 1 is obvious from the definitions of
To and 1'1. The proof for 1'2 is immediate from the fact that a first count-
able space is 1'2 if and only if sequences eonverge uniquely. If each count-
able subspace of X is 1'3 then X is 1'2 and by Theorem 1 the space X is
regular.
VAN EST and FREUDENTHAL [1] give an example of a first countable
1'3 space that is not completely regular. Thus, it follows that in first
countable Hausdorff spaces completely regular cannot be characterized
by the fact that each countable subspace is completely regular.
Theorem 3. Let (X, 1') be a separable space such that each count-
able subspace of (X, 1') is first countable and regular. Then (X, 1') is first
countable if and only if it is regular.
Proof: We have shown in Theorem 1 that if (X, 1') is first countable
and each countable subspace is regular then (X, 1') is regular. Suppose
the topological space (X, 1') is separable and regular such that each
countable subspace of (X, 1') is first countable. Let D be a countable
dense subset of X. For an arbitrary point x E X put C={x} u D. Then
there exists a nested neighborhood base about x in (C,Tc), {V(X)k n
n Clk= 1,2,3, ... , V(X)k E T for all k}. For W(x) E T there exists M(x) E T
and a positive integer j such that V(x)j n C C M(x) C M(x) C W(x). Be-
cause C is dense in X it follows that V(x)j C W(x). Therefore {V(x)kl
k= 1,2,3, ... } is a nested neighborhood base about x. Thus (X, 1') is
first countable.
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We say the sets A and B are separated if An B=0=B n A. The sets
A and B are said to be strongly separated if there exists disjoint open
sets V(A) and W(B) containing A and B respectively.
Theorem 4. Let (X, T) be a separable space such that each c.ount-
able subspace is first countable and regular. Then any two countable
separated sets in X are strongly separated in X.
Proof: Let A and B be countable separated sets in X and let D be a
countable dense subset of X. Put E=D u Au B. Then (E, T E ) is pseudo-
metrizable and A and B are separated in E, so A and B are strongly
separated in E. Because DeE, it follows that A and B are strongly
separated in X.
Corollary 2. For each i= 1,2, ... let (Xi, T i) be regular, first count-
able and separable spaces. Then any two countable separated sets in the
product topology x Xi, i= 1,2, ... are strongly separated in the product
topology.
Comment: Let (R, T) be the half open interval topology on the reals.
It is well known that R x R is not normal. But any two countable separated
sets in the countable product topology of R are strongly separated.
The final theorem of the paper follows from the fact that a space X
is countably compact if and only if each sequence has a cluster point
[2, p. 120].
Theorem 5. A T 1 space X is countably compact if and only if each
countable closed subspace is countably compact.
Also see [3, p. 150].
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